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Transverse Shear Stresses and Their Sensitivity Coefficients in

Multilayered Composite Panels
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A computational procedure is presented for the accurate determination of transverse shear stresses and their
sensitivity coefficients in flat multilayered composite panels subjected to mechanical and thermal loads. The sen-
sitivity coefficients measure the sensitivity of the transverse shear stresses to variations in the different lamina-
tion and material parameters of the panel. The panel is discretized by using either a three-field mixed finite ele-
ment model based on a two-dimensional first-order shear deformation plate theory or a two-field degenerate
solid element with each of the displacement components having a linear variation throughout the thickness of the
laminate. The evaluation of transverse shear stresses can be conveniently divided into two phases. The first phase
consists of using a superconvergent recovery technique for evaluating the in-plane stresses in the different layers.
In the second phase, the fransverse shear stresses are evaluated by using piecewise integration, in the thickness
direction, of the three-dimensional equilibrium equations. The same procedure is used for evaluating the sensitiv-
ity coefficients of the transverse shear stresses. The effectiveness of the computational procedure is demonstrated
by means of numerical examples of multilayered cross-ply panels subjected to transverse loading, uniform tem-
perature change, and uniforim temperature gradient through the thickness of the panel. In each case the standard
of comparison is taken to be the exact solution of the three-dimensional thermoelasticity equations of the panel.

Nomenclature {N}, (M} = vectors of in-plane and bending stress resultants;
[A}, |B], see Egs. (A1)
[D],[A] = matrices of the extensional, coupling, bending, {Ny},{M;} = vectors of thermal forces and moments in the
and transverse shear stiffnesses panel; see Eqs. (A1)
303 = three-dimensional transverse shear compliance {P} = vector of nodal mechanical forces

coefficients

= strain-displacement matrix

= effective stiffness matrix of the panel and re-
duced material stiffness matrix of the kth layer
(based on neglecting the normal stress compo-

[B]
[c], [C1¥

nent Gs3) .

Cpyps> Cpypd = elastic and reduced stiffnesses of the material,
respectively

E,, Er = elastic moduli of the individual layers in the di-
rection of fibers and normal to it, respectively

{E}L {E} = vectors of total strain and average mechanical
strain through the thickness, respectively

Gir. Grr = shear moduli of the individual layers in the plane
of fibers and normal to it, respectively

{H} _ = vector of stress resultant parameters

{H;},{H;} = vectors of normalized thermal forces

h = total thickness of the panel

hh, = distances from the top and bottom surfaces of the
kth layer to the middle surface; see Fig. 1

(K] = global structure matrix; see Eq. (1)

K], [K] = generalized stiffness matrices; see Appendix B

L = side length of the panel

M,,M,,M,;  =bending stress resultants

NL = total number of layers in the panel

Ny, Ny, Ny = in-plane (extensional) stress resultants

N,.. 1_\7] = shape functions used in approximating each of

the strain components and stress resultants
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0,0, = transverse shear stress resultants

(@} = vector of transverse shear stress resultants

{OD}, (0P} = vectors of normalized mechanical and thermal
_ loads

[Q](k), [Qs](k) = matrices of the extensional and transverse shear

stiffnesses of the kth layer of the panel (referred
to Xy, X,, X3 coordinate system)

91> 9 =mechanical and thermal loading parameters; see
Eq. (1)

[R] = matrix of products of shape functions; see
Appendix B

[Ry] =matrix of shape functions used in approximating
the average mechanical strains (through the
thickness)

[SY; [S:1 = strain-displacement matrices; see Appendix B

T = temperature change

To. Ty ' = amplitudes of uniform temperature change and
uniform temperature gradient through the thick-
ness, respectively

U = total strain energy density for the panel; see
Eq. (D5)

up, Uy, W = displacement components in the coordinate
directions; see Fig. 1

(X} = vector of generalized nodal displacements

X1, X3, X3 = Cartesian coordinate system (x; normal to the
middle plane of the panel)

{Z} =response vector of the panel

oy, O = coefficients of thermal expansion of the individ-
ual layers in the direction of fibers and normal to
it, respectively

{a}® = vector of coefficients of thermal expansion of
the kth layer of the panel (referred to the x;, x,,
X3 coordinate system)

Olgy = coefficients of thermal expansion

{v = vector of transverse shear strain components of

the panel; see Egs. (A1)
€33 = transverse normal strain component
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{e} = vector of extensional strain components of the
panel; see Egs. (Al)
= in-plane strain components at any point in the
panel and at the middle plane, respectively
{e }f:;ch ,{€ }fﬁch =actual mechanical strain and average mechanical
strain (through the thickness) for individual
finite elements; see Egs. (C1) and (C3)

0
€y Epy

{é}([;) = total strain vector for individual elements; see
Egs. (C2)

2ep3 = transverse shear strain component

{x} = vector of bending strain components of the pan-
el; see Egs. (Al)

0 .

Kgy = curvature changes and twist of the panel

A = material parameter of the panel

Vrr = major Poisson’s ratio of the individual layers

£, &s = dimensionless coordinates (§g = xg/L; B =1, 2)

Opy Osp =in-plane and transverse shear stress components,
respectively

Q¥ = element domain

Subscripts

i,y = 1 to the number of shape functions used in ap-

proximating each of the strain components (or
stress resultants)

J = 1 to the number of shape functions used in ap-
proximating each of the displacement compo-
nents

k = kth layer

L = direction of fibers

T = transverse direction

B.y.p.0 =1,2

Superscripts

k = kth layer

t = matrix transposition

I. Introduction

T has long been recognized that the first-order shear deforma-

tion theory, based on linear displacement distribution through
the entire laminate, is not adequate for the accurate determination
of transverse shear stresses. Most of the advanced composites in
use to date have a low ratio of the transverse shear modulus to the
in-plane modulus, and therefore, the interlaminar shear stresses are
important in predicting the onset of some of the damage mecha-
nisms in multilayered composite panels. Also, since it is difficult
to measure the transverse shear properties of composites, a study
of the sensitivity of interlaminar stresses to variations in material
properties is desirable. Only a few studies have addressed this
issue.

Various techniques have been proposed for the accurate deter-
mination of transverse shear stresses in laminated composites.
These include using 1) three-dimensional, or quasi-three-dimen-
sional, finite elements (see, for example, Refs. 1-4); 2) two-di-
mensional finite elements based on higher-order shear deformation
theories, with either nonlinear or piecewise linear approximations
for the displacements in the thickness direction (see, for example,
Ref. 5); and 3) two-dimensional finite elements based on the clas-
sical or first-order shear deformation theory (with linear displace-
ment approximation through the thickness of the entire laminate)
and integration in the thickness direction, of the three-dimensional
equilibrium equations.%’

None of the cited references considered transverse stresses in
thermally loaded laminates, or their sensitivity coefficients. The
sensitivity coefficients measure the sensitivity of the transverse
shear stresses to variations in the different lamination and material
parameters of the panel. The present study focuses on transverse
shear stresses and their sensitivity coefficients in thermomechani-
cally loaded laminates. Specifically, the objective of this paper is
to present a computational procedure for the accurate determina-
tion of the transverse shear stresses and their sensitivity coeffi-

cients in multilayered composite panels subjected to mechanical
and thermat loads.

Experience with most of the three-dimensional finite elements,
and two-dimensional finite elements based on higher-order shear
deformation theories, has shown that unless the three-dimensional
equilibrium equations are used in evaluating the thickness distribu-
tion of the transverse shear stresses, the resulting transverse
stresses are inaccurate (see, for example, Refs. 8-12). Since the fi-
nite element models based on the first-order shear deformation
theory are considerably less expensive than those based on three-
dimensional and higher-order two-dimensional theories, they have
been adopted in the present study. The effectiveness of the compu-
tational procedure is demonstrated by means of numerical exam-
ples of multilayered cross-ply panels.

II. Finite Element Formulation

The panel is discretized by using either 1) a two-dimensional
three-field mixed finite element model, or 2) a two-field degener-
ate solid element with each of the displacement components hav-
ing a linear variation throughout the thickness of the laminate.

The analytical formulation for the first finite element model is
based on a first-order shear deformation plate theory with the ef-
fects of average transverse shear deformation through the thick-
ness and laminated anisotropic material behavior included. A lin-
ear Duhamel-Neumann-type, constitutive model is used, and the
material properties are assumed to be independent of temperature.
The thermoelastic constitutive model is used and the material
properties are assumed to be independent of temperature. The ther-
moelastic constitutive relations used in the present study are given
in Appendix A. The fundamental unknowns consist of the total
strain components, the stress resultants, and the generalized dis-
placements. The analytical formulation for the second model is
based on a linear quasi-three-dimensional thermoelasticity theory,
with the transverse normal stresses neglected, but the transverse
normal strains included. The fundamental unknowns consist of the
average mechanical strains through the thickness and the displace-
ment components. In both models the strain components and stress
resultants are allowed to be discontinuous at interelement bound-
aries. Henceforth, the three-field and two-field models will be re-
ferred to as models 1 and 2, respectively. The sign convention for
generalized displacements and stress resultants is shown in Fig. 1.
The external loading consists of transverse static loading p, tem-
perature change that is uniform in the thickness direction (indepen-
dent of x3), and uniform temperature gradient in the thickness di-
rection (linear in xs).

A. Governing Finite Element Equations

The governing finite element equations describing the linear
static response of the panel can be written in the following com-
pact form:

[KI{Z} - 1 {Q"} - 420} = 0 M

The form of the arrays [K], {QV} and {Q‘®)} for the two models
used in the present study is described in Appendices B and C.

B. Sensitivity Coefficients

The sensitivity coefficients for the panel response are obtained
by differentiating Eqs. (1) with respect to the lamination and mate-
rial parameters of the panel. The resulting equations for the first-
order and second-order sensitivity coefficients can be written in
the following compact form:

zl  rok 20®
ol g o

2’z 8K} {a_z} 7K {azg‘z’}
[K] {8_7\,—2} = —2[8_ a;\’ - [W} {Z} _‘12 87\.2 (3)
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In Eqgs. (2) and (3) A refers to a typical lamination or material pa-
rameter of the panel, and the mechanical loading is assumed to be
independent of A. Note that the evaluation of [0K/9L], [02K/0AZ),
{00@/9)}, and {0?°Q@/0A%} requires differentiating the ther-
moelastic equations given in Appendix A and the arrays given in
Appendices B and C with respect to A.

III. Computational Procedure

The evaluation of the thickness distribution of the transverse
shear stresses can be conveniently divided into two phases. The
first phase consists of solving Eqgs. (1) and then using a supercon-
vergent recovery technique for evaluating the in-plane stresses in
the different layers. For optimum accuracy with a given rectangu-
lar finite element model, the in-plane stresses are calculated at the
numerical quadrature points. In the second phase the thickness dis-
tributions of the transverse shear stresses are evaluated by using
piecewise integration, in the thickness direction, of the three-di-
mensional equilibrium equations. For optimum accuracy with rect-
angular elements the transverse shear stresses are evaluated at the
numerical quadrature points and then interpolated to the center of
the element (this is because the three-dimensional equilibrium
equations are only satisfied in an integral sense for each individual
element, and not pointwise). The procedure for evaluating the
transverse shear stresses is outlined in Appendix D.

The aforementioned procedure is also used for evaluating the
thickness distributions of the sensitivity coefficients of the trans-
verse shear stresses, using the corresponding sensitivity coeffi-
cients for the in-plane stresses in the different layers.

IV. Numerical Studies
To assess the effectiveness of the foregoing computational pro-
cedure for evaluating the transverse shear stresses and their sensi-
tivity coefficients, several multilayered composite panels were an-
alyzed. The panels were subjected to various mechanical and

4

/
oint/3_ point 2
- - _P_,._ _ potr L

M,

thermal loads. For each problem considered, the transverse shear
stresses, total strain energy density, and their sensitivity coeffi-
cients (first-order and second-order derivatives with respect to var-
ious material and lamination parameters) obtained by the forego-
ing procedure, in conjunction with two-dimensional finite element
models (models 1 and 2), were compared with those obtained by
the exact analytic solution of the three-dimensional thermoelastic
equations of the panel, as well as with the predictions of an 18-
node three-dimensionai finite element model.'> The exact three-di-
mensional thermoelasticity solutions were obtained by using the
procedure described in Refs. 14 and 15, and are used as the stan-
dard for comparison. The three-dimensional finite element model
was used to model each layer of the laminate. The composite shear
correction factors for model 1 were taken to be 5/6. A typical prob-
lem set is considered herein, namely, that of the linear thermoelas-
tic static response of square, 10-layer cross-ply laminates with L -
=1, and #/L = 0.05 and 0.1. The fiber orientation of the laminates
is [0/90/0/90/0],. The panels are subjected to either 1) transverse
loading p = p, sin ©&; sin ©&,, with half the loading applied at each
of the top and bottom surfaces, 2) uniform temperature change
through the thickness T = T, sin n€; sin ©t€,, or 3) uniform temper-
ature gradient through the thickness T = x3 T} sin ©t; sin ©&,,
where &, = x,/L — (00 = 1, 2), and p,, Ty, and T, are constants.
Henceforth, the three cases will be referred to as the pg, Ty, and T
cases, respectively. The material properties of the individual layers
are taken to be those typical of high-modulus fibrous composites,
namely, EL/ET = 15, GLT/ET = 05, GTT/ET = 03378, Vir = 03,
vy =048, 0, =0.139 X 105, 0, =9 X 105, py =1, Ty = 1, and
Tl = 1

To test the accuracy of the thickness distributions of the trans-
verse shear stresses and the total strain energy density, predicted
by the two-dimensional and three-dimensional finite element mod-
els, successive refinement was made in each of the x; and x, direc-
tions until convergence was achieved. Typical results are pre-
sented in Figs. 2-5 for the response quantities and in Figs. 6-8 for

Fig. 1 Composite panels and sign convention for displacements, stresses, and stress resultants.
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Fig. 2 Through-the-thickness distributions of transverse shear stresses 6,5 and 6,3 and strain energy density U obtained by three-dimensional finite
element model; 10-layer cross-ply composite panel with #/L = 0.05: a) static loading p = p, sin &, sin n€,, b) temperature change T = T sin n&, sin 1&,,
and ¢) temperature gradient T = x; T sin ©t§, sin n&,.
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Fig. 3 Through-the-thickness distributions of transverse shear stresses cy; at point 1, 6,5 at point 2, and strain energy density U at point 3, obtained
by proposed computational procedure; 10-layer cross-ply composite panel subjected to static loading p = p, sin n&; sin 1&,: a) A/L = 0.05 and b) k/L =

0.10.
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Fig. 4 Through-the-thickness distributions of transverse shear stresses G5 at point 1, 6,3 at point 2, and strain energy density U at point 3, obtained
by proposed computational procedure; 10-layer cross-ply composite panel subjected to temperature gradient T = T sin n&; sin n&;: a) #/L = 0.05 and
b) A/L = 0.10.
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Fig. 5 Through-the-thickness distributions of transverse shear stresses 3 at point 1, G,; at point 2, and strain energy density U at point 3, obtained
by three-dimensional model; 10-layer cross-ply composite panel subjected to temperature gradient T = x; 7 sin n&,; sin n&,: a) #/L = 0.05 and
b) #/L = 0.10.



1264 NOOR, KIM, AND PETERS: MULTILAYERED COMPOSITE PANELS

A
—=— | E,
—a— | E
—— Gy
.,_v_._. GTT
T VI.T
_._.P.N
—— |
.50
.25
h
xa/ 0.00
-.25
-50
a)
.50
.25 »
xalh
0.00
-.25 F
- ]
.5q‘2 5 .2 500 1000 1500
a (¢} oo 2 a U
}\2 13 2 23 }‘,
b) Fa )/ E (X W )/ E;

Fig. 6 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses c,3 at point 1, 6,3 at
point 2, and strain energy density U at point 3 obtained by the proposed computational procedure; 10-layer cross-ply composite panel subjected to
static loading p = p, sin 7€, sin 7€,: a) first-order sensitivity coefficients and b) second-order sensitivity coefficients.
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Fig. 7 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses 63 at point 1, 6,3 at
point 2, and strain energy density U at point 3 obtained by the proposed computational procedure; 10-layer cross-ply composite panel subjected to
temperature change T = T sin 1€, sin n€,: a) first-order sensitivity coefficients and b) second-order sensitivity coefficients.
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Fig. 8 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses 63 at point 1, 6,3 at
point 2, and strain energy density U at point 3 obtained by the proposed computational procedure; 10-layer cross-ply composite panel subjected to
temperature gradient 7 = x3 T sin &, sin n&,: a) first-order sensitivity coefficients and b) second-order sensitivity coefficients.
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Fig. 9 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses 6,5 at point 1, 6,3 at
point 2, and strain energy density U at point 3 obtained by exact three-dimensional thermoelasticity model; 10-layer cross-ply composite panel with
h/L = 0.05, subjected to static loading p = p, sin 1€, sin ©t,: a) first-order sensitivity coefficients and b) second-order sensitivity coefficients.
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Fig. 10 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses 6,3 at point 1, 6,3 at

point 2, and strain energy density U at point 3 obtained by exact three-dimensional thermoelasticity model; 10-layer cross-ply composite panel with
h/L = 0.05, subjected to temperature change T = T sin 7, sin ©&,: a) first-order sensitivity coefficients and b) second-order sensitivity coefficients.
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Fig. 11 Through-the-thickness distributions of first-order and second-order sensitivity coefficients of transverse shear stresses ;3 at point 1, 6,; at
point 2, and strain energy density U at point 3 obtained by exact three-dimensional thermoelasticity model; 10-layer cross-ply composite panel with
R/L = 0.05, subjected to temperature gradient T = x;7 sin ©&, sin ©&,: a) first-order sensitivity coefficients and b) second-order sensitivity coeffi-
cients.
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~ the sensitivity coefficients. The results presented in these figures
correspond to a 6 X 6 uniform grid in one quarter of the panel, with
G5 evaluated at &, = 0.958, &, = 0.542 (point 1); 6,3 evaluated at
&, =0.542, &, = 0.958 (point 2); and U evaluated at &; = &, = 0.542
(point 3).

An indication of the accuracy of the predictions of the 18-node
three-dimensional finite element and the foregoing procedure,
used in conjunction with the two-dimensional finite element and
the degenerate solid element (models 1 and 2), is given in Figs.
2-5. An examination of Figs. 2--5 reveals the following:

1) For the py and T, cases, 63, and O3, are symmetric with re-
spect to the middle plane of the laminate. For the T case, 6,3 and
O,3 are antisymmetric with respect to the middle plane. On the
other hand, for all three cases U is symmetric with respect to the
middle plane.

2) The thickness distribution of the strain energy density pre-
dicted by the three-dimensional finite element model, with linear
variation of the displacement components in the thickness direc-
tion, is fairly accurate, but the transverse shear stresses are only ac-
curate at the center of each layer. This is true for each of the py, Ty,
and T cases considered (see Fig. 2). Several numerical experi-
ments (results not shown here) have demonstrated that accurate
determination of transverse shear stresses with three-dimensional
finite elements requires using either more than one element in each
layer or higher-order approximations for the displacements in the
layer. Both approaches involve very high computational expense.

3) The foregoing computational procedure results in highly ac-
curate thickness distributions for the transverse shear stresses and
the total strain energy density for the pg, Ty, and T; cases. This is
particularly true for the thinner laminates with A/L = 0.05 (see
Figs. 3, 4, and 5).

The thickness distributions of the normalized first-order and
second-order sensitivity coefficients of the transverse shear
stresses and total strain energy density, obtained by the exact solu-
tion of the three-dimensional thermoelasticity equations, are
shown in Figs. 9-11 for the py, T, and T; cases, respectively. The
sensitivity coefficients are each normalized through multiplying
by A (or A?) and dividing by Er.

For the p, case, the largest normalized first-order sensitivity co-
efficients for the transverse shear stresses and the total strain en-
ergy density are associated with E;, E, and G;7. However, the
normalized second-order sensitivity coefficients associated with
E,; are considerably larger than those associated with E7 and G
For the T and T, cases, the largest normalized first-order sensitiv-
ity coefficients are associated with o and E7. However, the largest
second-order sensitivity coefficients of the transverse shear
stresses and total strain energy density are associated with (E;, E7),
and o, respectively.

An indication of the accuracy of the first-order and second-order
sensitivity coefficients, with respect to E; and Er, obtained by the
foregoing computational procedure is given in Figs. 6-8, for the
Do» Tg, and T cases, respectively. The high accuracy of the sensi-
tivity coefficients predicted by the foregoing procedure is clearly
demonstrated in these figures.

V. Concluding Remarks

A computational procedure is presented for the accurate deter-
mination of the transverse shear stresses and their sensitivity coef-
ficients in flat multilayered composite panels subjected to mechan-
ical and thermal loads. The computational procedure can be used
in conjunction with any two-dimensional or degenerate three-di-
mensional model. In the present study, two mixed finite element
models are used for the spatial discretization of the panel. The first
is a two-dimensional three-field model, based on a first-order shear
deformation theory. The fundamental unknowns consist of the
generalized displacements, the total strain components, and the
stress resultants in the panel. The second model is a two-field de-
generate solid element. The fundamental unknowns consist of the
displacement components and the average mechanical strains
through-the-thickness of the panel. Each of the displacement com-
ponents is assumed to have a linear variation throughout the thick-

ness of the laminate. The evaluation of the transverse shear
stresses can be conveniently divided into two phases. The first
phase consists of using a superconvergent recovery technique for
evaluating the in-plane stresses in the different layers. In the sec-
ond phase, the thickness distributions of the transverse shear
stresses are evaluated by using piecewise integration, in the thick-
ness direction, of the three-dimensional equilibrium equations.
The same procedure is used for evaluating the sensitivity coeffi-
cients of the transverse shear stresses (first-order and second-order
derivatives of transverse shear stresses with respect to lamination
and material parameters).

The effectiveness of the computational procedure is demon-
strated by means of numerical examples of multilayered cross-ply
panels subjected to ftransverse loading, uniform temperature
change, and uniform temperature gradient through the thickness of
the panel. In each case, the predictions of the foregoing procedure
were compared with those of three-dimensional finite element
models, as well as with exact solution of the three-dimensional
thermoelasticity equations of the panel. For panels with #/L <0.1,
the response and sensitivity coefficients predicted by the foregoing
procedure are highly accurate. The errors in the predictions of the
foregoing procedure are expected to increase with the increase in
the thickness ratio of the panel. For thick panels with #/L > 0.2, ac-
curate determination of transverse stresses and sensitivity coeffi-
cients may require the use of the predictor-corrector approaches,
such as the ones described in Refs. 16 and 17. The foregoing pro-
cedure can be easily extended to curved shell structures.

Appendix A: Thermoelastic Constitutive Relations
for the Laminate

The linear thermoelastic two-dimensional finite element model
(model 1) used in the present study is based on the following as-
sumptions:

1) The laminates are composed of a number of perfectly bonded
layers.

2) Every point of the laminate is assumed to possess a single
plane of thermoelastic symmetry parallel to the middle plane.

3) The material properties are independent of temperature.

4) The constitutive relations are described by a first-order shear-
deformation type lamination theory, and can be written in the fol-
lowing compact form:

N (4] [B] O ||e| [Ny
My =1[Bl" (D] 0 |1%/~ My (4D
Qo 0 0 [A]llY 0

where {N}, {M}, {Q}, {€}, {x]}, and {y} are given by

{N} = [N, N, N, (A2)
(MY = [M, M, M_u] (A3)
(@1 = [o, o] (Ad)
(e} = [0 el 2¢!) (A5)
= [l 2xd) (A6)
{1 = 26y 2¢5) (A7)
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The matrices [A], [B], [D], and [A] can be expressed in terms of
the layer stiffnesses as follows:

[141 [B] [D]] Zj

[ x 1] (xp)? (1] dxs

(A8)

1% dx, (A9)

[A]-zj

where [I] is the identity matrix. The expressions for the different
coefficients of the matrices [Q](k) and [Qx](k) in terms of the ma-
terial and geometric properties of the constituents (fiber and ma-
trix) are given in Refs. 18 and 19.

The vectors of thermal forces and moments, {N} and {Mr}, are
given by

RLANAY ZJ

01% 1o}® [1 X]T dx, (A10)

See, for example, Refs. 20 and 21.

Appendix B: Form of the Arrays in the Governing
Finite Element Equations of the Panel

The form of the arrays in the governing finite element equations,
Egs. (1), for the two models used in the present study are given in
this Appendix. In Table B1, O refers to a null matrix or a nufl vec-
tor.

Appendix C: Explicit Form of the Array
(K1, [R], {Hr}; [K], [S1}, and {H}

For model 1, two sets of Lagrangian shape functions are used:
biquadratic shape functions to approximate each of the generalized
displacement components, and bilinear shape functions to approxi-
mate each of the total strain components, and stress resultants. For
model 2, the same set of biquadratic shape functions is used for ap-
proximating each of the generalized displacement components in
the x; — x, plane as in model 1. However, different sets of shape
functions are used for approximating the different components of
the average mechanical strains through the thickness (average in-
plane extensional strains, the two transverse shear strains, and the
transverse normal strain; see Ref. 13). For model 2, the approxima-
tions for the average mechanical strain and total strain vectors

Table B1

Array Model 1—three-field model =~ Model 2—two-field model

E

(z3 H {E}
X
X

(K] [R1* [0] [S]
[01 (s1° [0]

{Q“)} 0 {0}
P

(o) ) ()

[K1 [R] [0O] {[1—(] [31]}

[$,1° 10]

within an element can be expressed in terms of the strain and dis-
placement parameters, as follows:

(&9, = RIEY (C1)

{eha = (B17{x3" - (©)

tot

where superscript (e) refers to individual elements. Note that the
actual mechanical strain components can be discontinuous at the
layer interfaces. The expression of the actual mechanical strain
vector in the kth layer of an element can be written in the following
form:

(3 = —([R] IR IS] IXD)® - ({a3PT)@ (3)

It is convenient to partition the arrays (matrices and vectors), for
individual elements, into blocks and subvectors. The expressions
for the typical blocks (¢, j*) and (7', j) of the arrays, and the typical
partitions i’ of the vectors for models 1 and 2 are given subse-

quently:
Model 1:
| (41 (B1 0]
(K], = JQ@ [B]' [D] 0 |NyN;dQ €4
0 0 [A]
(R, , = J' o [N, N, d (€5)
NT
He}, = [ o1 Mr N, a0 (C6)
0
Model 2:
K1y = [ o RILICIIR], )
(S, = [ (RILICI (B, dQ (C8)

Uy, = [ o R [Zj

C1% 10} ® T dx, J dQ (C9)

In Egs. (C7) and (C9), [C] is the 6 X 6 effective stiffness matrix
of the laminate, given by

NL hk
[C] = ZL (€% dx, (C10)
ie1 el

where [C]™® is the 6 X 6 reduced material stiffness matrix of the
kth layer (based on neglecting the coupling between the transverse
normal strain and the extensional strain components; see Ref. 13).

In Egs. (C6—C9), the subscripts i’ (or ;) and j refer to the parti-
tions of the matrices [R,] and [B] associated with the i’ (or j*) and
the jth shape function used in approximating the average mechani-
cal strains and generalized displacements, respectively. Note that
in model 2 the transverse normal strain and transverse normal
stresses are included.
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Appendix D: Determination of the Thickness
Distributions of the Transverse Shear Stresses and the
Total Strain Energy Density

The procedure used for calculating the thickness distribution of
the transverse shear stresses 63 and the strain energy density U, is
as follows:

1) For model 1 the middle surface strains sﬁy and curvature
changes KBY are calculated at the numerical quadrature points of
each finite element using the total strain vector {E} for individual
elements and the bilinear shape functions. Then the in-plane
stresses in each layer Gop are calculated using the following rela-
tions (for a typical layer k)!8.19:

B _ o0 0 0 ®
Opy = Cpyps [€p5 + X35 = 0T ] (D1)

where a repeated subscript in the same term denotes summation
over its entire range 1, 2.

For model 2, the in-plane stresses are calculated using the actual
mechanical strain components [Egs. (C3)] and the following rela-
tion:

(k) — (&
Spy = Cpyps€ps (D2)

2) The transverse shear stresses in each layer are obtained by in-
tegrating the three-dimensional equilibrium equations in the thick-
ness direction as follows:

O35 = — ma O, dx; +cp (D3)

where ¢y are integration constants obtained from the stress condi-
tions at the top and bottom surfaces of the laminate, and d, = (d/
axy). Because of the discontinuity of 6, at layer interfaces, the in-
tegrations of Egs. (D3) are performed in a piecewise manner
(layer-by-layer).

3) The transverse shear strains are obtained by using the three-
dimensional constitutive relations, as follows'®

283[3 = (13[33763,.{ (D4)

4) The strain energy density U is obtained by using the follow-
ing expression:

U=1/2 cpy(agy + XSng -0, T ) +2035 35 (D5)

In model 2, the contribution of (033, €33) to U is neglected.

5) The transverse shear stresses Gsg, and the sirain energy den-
sity U are then interpolated from the numerical quadrature points
to the center of the finite element.
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